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NOMENCLATURE
b, space between disks ;
by coefficients in the expansions of the eigen-
functions;
¢ defined in equation (3);
c, c/(b/2);
¢ defined in equation (18);
Cp specific heat at constant pressure;
e, eccentricity ;
é; e/ U
E, Eckert number, U}/C AT,
h,hy, h,, the scale factors defined in equation (2);
k, heat conductivity ;
k, k., values of x, at inlet and outlet radii;
N, a positive integer ;
Nu,Nu, localand average Nusselt numbers;
Pe, Péclét number ;
7Te, Peloge(l/y)/(ki - ke);
q, heat transfer ;
T, radius of the disk ;
Ter r./(b/2);
i r/(b/2);
R, a function of x, only, equation (13);
T, temperature ;
Uy, reference velocity ;
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vy, Uy velocity components in the x,- and x,-
directions;

X, X3, X3, bipolar coordinate frame;

x4, X4, X33 defined inequations(10)and (11):

Y, defined in equation (19);

Z, a function of X only, equation (13).

Greek letters

B, dynamic viscosity ;

o, density;

¥ rifre;

o, eyl —7);

Aiy A eigenvalues;

6’ (Tw - T)/(Tw - TO)'

Subscripts i, e and w refer to conditions at inlet, exit
and wall respectively.

ANALYSIS
THE ENRGY equation for the laminar, creeping flow of
incompressible fluids between parallel circular disks with
eccentric inlet (see Fig. 1) can be written, in bipolar co-

ordinates, as
v, 6T oT 3T
Pcp az" + ﬂ._ = k——
hy0x;,  hy0x, ox?
subject to the boundary conditions:

T(xy, x5, b/2) = T(xy, %3, =b/2) =T,
T(xy, ki x35) = To.

@

The viscous dissipation terms are neglected, which is
justified for small Eckert numbers, i.e. E(= U2 /CAT)< 1.
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Xo = ke

F1G. 1. Bipolar coordinates and the disks.

The conduction in x,- and x,- directions are neglected in
comparison with conduction in the xs-direction. Also, the
entrance effect can be neglected due to the extremely small
clearance between the disks in such problems. The scale
factors, h, and h,, of the bipolar coordinates are defined by :

C

cosh x, — cos x,

2
The coordinate plane, x3 = 0, is parallel to and midway
between the disk surfaces. The constant C is related to the
inner and outer radii. r, and r,, and the eccentricity e,
through the relation :

C =rsinhk, = r_sinhk, (3)
where
Lyl + 9 + (1 - ¢h)
kj=cosh~t-2-~ -~ * )
¥ 2¢
AWl — ) + (L + ¢?
k. = cosh™! Lﬂ%—(—i) (5)
with
r, e e
y=2 = . 6)
re r.—r, l-—y

whereé = e/r;.
It was shown by Cairns er al. [1] that for this problem
the velocity components v, and v, can be written as:

vy = )]
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and
L p~p. by )
v, = (cosh x, — 22 BTl )Ty 2%
2 X, — COS x‘)Zcu P k,-{(z) 3). (8)

By substituting the velocities f}om equations (7) and (8) into
the energy equation, equation (1) we get :*
pC (cosh x, — cos x,)? ﬁi‘zz—i’{(g) ~ xﬁ}ggi
T
=k 5)@. 9
Introducing the transformation

X3 g T-T

X':X ~k, = ——— =,
2 2 ¢ X3 b72) T, — T,
. c 5 In{1/y)
=—— Pe=P .
T Tk,
C,1p, — b\
Po=Pp B " Pe \”e<7> (10)
ku 3 In(1yy) \2
and
_ r & dy,
Xy =~ | — . 11
z j[cosh (y, + k) — cosx,]? ah
0
Equation (9) becomes
e _,. 00 N _
5}—_(V§=Pe(1—x3)a—xz, -l <X3 <1, X, >0  (12)
subject to the boundary conditions :
X, =0: 6=1, X3= +1: =0
Since equation (12) is linear, we assume a solution as:
(%5, X3) = R(X2)Z(X;). (13)

By using the technique of separation of variables, equation
(13) is substituted into equation (12} and we get:

PR 2 "

AL A | 1
2 R (1-%9Z § (14)

where A? is an arbitrary constant. The first equation in
equation (14) gives the general solution:

R(%,) = C (2
(%) = Cyexp (“ ‘3'7?2”‘2
where C,; is a constant to be determined by the boundary
condition §(0,X;) = 1 and the eigenvalue A, The second
equation from equation (14) is:

Z'+ 1 -%)Z=0
subject to the boundary conditions : Z( 4 1) = 0.

(15)

* cosh x, — cosx; # 0 since cosh x, > cos x, for the
region 0 € x; < 2z and 0 < k, € x, < k; in this problem.
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Equation (16), which constitutes a Sturm—Lieuville eigen-
value problem, is solved approximately by the well-known
Galerkin’s method [2]. It is then combined with equation
(15) to give the solution of equation (12) as

N 2
242, Y] -
0(x,, X3) = Zci l}xP (‘ ??:e‘x;] Y, (17)
i=1
where C; and Y, are given by:
N
(—tpri D
c _ Shh=t [(2n—1/2)n]4z by a8)
T z 52 L 2n—1
n=1
and
N
Z b, 2n -1 _
—"——CO8 nX;
- - (2n -1 2
Yi = n=1 ( n ) (19)

N
bni

Z(2n -1
n=1
respectively. Also, 4; and b,; are the eigenvalue and the
coefficients in the expansion of the eigenfunction respec-
tively. Fifteen sets of values are computed in the numerical
solution given below.

NUMERICAL SOLUTIONS AND DISCUSSIONS

The heat transfer is defined as

_ k(ﬂ)
0X3)xs=bs2

Quwz, =
KT, ~ T,){ 20
=02 W = he (T, — T,). 20
b2 <€7X3>;3=1 2{To — ) 20)
Thus, the local Nusselt number is given by :
02 __ (2
k 0%3)5,-1
N 2 N
2/ 2m — 1
= C,; —tx —mt1
S fofor (BT}
i=1 =
@y

The average Nusselt number can be obtained by inte-.

grating over the disk surface, i.e.
2xk,

— 1
Nu= ~ mjj Nug,hh, dx, dx,

0 k
2R X320

= ————jj‘ j‘ Nug, dx, dx;.
(I

22
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Substituting Nux, from equation (21) into equation (22),
we get:

2x N P"
_— 1 3Pe
Nu = ———————»n(iez — fl.z J.Z{C'EZZ—
0 i=1
) N
247 2m —1
X [cxp <— 3_P_ex2’) —1] mei—z—n(~ 1)"‘} dx,. (23)

The evaluation of the upper limit in the integration of
dx, in equation (22), X,., is given in detail in Appendix 1.

Figures 2 and 3 are plots of the average Nusselt number as
a function of € and y fo 7, = 50 and Pe = 5000 and 20000,
respectively. It is seen that in general the heat transfer is
decreased if the inlet is eccentric, as compared with the heat
transfer with concentric inlet under the same conditions.
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F1G. 2. Average Nusselt number vs. y (Pe = 5000).

The curves in Figs. 2 and 3 labeled e = 0, are for concentric

inlet. Based on these figures, the following becomes apparent :

1. For a fixed eccentricity, ¢, and exit radius, r,, increasing
the inlet radius, r,, will decrease the parameter & and
increase the parameter y. The average Nusselt number is
thusincreased.

2. For a pair of disks with fixed inlet and outlet radii, r;
and r,, the heat transfer is decreased if the eccentricity is
increased.

3. For a pair of disks with fixed inlet radius, r,, and eccen-
tricity, e, the averaged Nusselt number is increased if the
outlet radius r, is decreased.

4. As y is decreased, the curves approach to the concentric
inlet curve. Since 7 is the ratio of 7, to r,, this means that
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the effect of eccentricity is reduced by either drilling a 2. S. H. CrapALL, Engineering Analysis. McGraw-Hill,
smaller hole or increasing the outlet radius. New York (1956).
5. The average Nusselt number is decreased for smaller
Péclét numbers, which is physically reasonable since a
smaller Péclét number means a larger thermal conduc-
tivity. For the same temperature difference, a decrease

in heat transfer is expected.
APPENDIX 1

Evaluation of x,,

I I I I ! The upper limit in the integration of dX, in equation (22),

';ef ggooo f=85 X;., can be obtained as follows: Integrating equation (11),
- 5=
1-8 — ! — we get:

_ 28 (1 —e®cosx; 1 —e“cosx,

_= o X — e——— e e o

e — 0 TG | X(xo) XKy

— cosx, [ _l<e"* - cosx1>
14 — -— - [ tan™ | ————

[ sin x| |sin x|

_{eb —cos x,)]}
—tan~ | ——— Al
12 - 5 — tan ( |sin x, | (D

@
5

K if sinx, # 0, and
o TR, =42 -1~ - 172
=20 +[e - D73 =~ D73} (AD)
08— - if sin x, = 0, where
X(x) = €¥* — 2¢*cos x, + L
o6 7 At the inner radius, both equations give:
%y = 0.
o4 N At the outer radius, equations (A.1) and (A.2) give:
~ 262 (1 —ecosx, 1 —e"cosx,
oz |- S A I
cO$ X, o fe* — cos x;
L ] e ()
o] ol 02 03 o4 05
’ )
FIG. 3. Average Nusselt number vs. y (Pe = 2 x 10°). | sinx; |
REFERENCES if sin x; # 0, and

1. J. R. CAIRNS, M. M. SonoM and T. Y. Na, Laminar %, = 4&%{[(e* — )% — (" — 1)7*]2
creeping flow of incompressible fluids between parallel
circular disks, ASME paper 68-FE-53, presented at the + [k — 173 - (" — 133}
1968 Fluid Engineering meeting, ASME, Philadelphia,
Pa. (May 6-9 1968). if sin x; = 0.



